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DESIGN OF RECURSIVE DIGITAL FILTERS HAVING SPECIFIED
PHASE AND MAGNITUDE CHARACTERISTICS

By Robert E. King
Langley Research Center

and

Gregory W. Condon
Langley Directorate, U.S. Army Air Mobility R&D Laboratory

SUMMARY

A method for a computer-aided design of a class of optimum filters, having specifi-
cations in the frequency domain of both magnitude and phase, is described. The method,
an extension to the work of Steiglitz, uses the Fletcher-Powell algorithm to minimize a
weighted squared magnitude and phase criterion. Results using the algorithm for the
design of filters having specified phase as well as specified magnitude and phase compro-
mise are presented.

INTRODUCTION

Recursive filters, wherein the output sequence is both a function of the input as well
as past output samples, are commonly used in digital signal processing and analysis.
Such digital filters in many applications offer distinct advantages of precision and versa-
tility over their continuous or analog counterparts. There exist a number of design pro-
cedures for implementing digital filters (see ref. 1) each one of which strives to attain
some analogy between discrete and continuous systems. Transform methods such as the
matched-z, bilinear-z, and standard-z which lead to specific property invariances are
available (see ref. 2) to the designer familiar with continuous filter design.

For frequency-domain synthesis (see refs. 3 and 4), realization is normally by
means of cascade or parallel combinations of pole and zero pairs in the complex plane.
The synthesis problem is, in fact, reduced to one of approximation since the filter topol-
ogy is generally specified. In none of the available design procedures, which can yield
filters having excellent magnitude~-frequency characteristics, however, do the resultant
filters, in themselves, have particularly useful phase characteristics. Indeed, in striving
for particular magnitude characteristics by using any of the available design methods,
there is no control over the filter phase properties.



In practice, it is often desirable to specify a digital filter in the frequency domain
by its phase (see ref. 5) or even a compromise between magnitude and phase. The pro-
cedure in this paper meets these requirements through the use of an iterative computer-
aided design leading to an optimum set of parameters for a specified filter topology and
is an extension of the technique described by Steiglitz (see ref. 6) for determining the
optimum coefficients of a cascade filter having magnitude specifications alone. The
extension makes possible the design of a new class of digital filters having the prescribed

phase characteristics.

SYMBOLS
A filter multiplier
Df{ denominator of ith stage of H(z) at &
M .
Ep magnitude error at Qi
Eff phase error at
_ék error vector at £
B'é’k /8A derivative of error vector at Q) with respect to zero frequency gain
Iy frequency at kth specification point, Hz
fg sampling frequency, Hz
H(z) unity gain discrete transfer function
IHk| magnitude of H(z) at €
Hy conjugate of H(z) at

8! Hkl / op gradient vector of magnitude of H(z) at & with respect to parameter

vector
() imaginary part of quantity
i,...,N denotes filter stage




Ek Jacobian at {4, E&* all.{.kl E E‘Lk}
op 4 9p
k sample point
My specification magnitude at
N%{ numerator of ith stage of H(z) at @
) parameter vector
'ﬁi set of filter parameters for the ith stage, a;, bj, cj, and dj
o} () first system state of ith stage at kth sample point
qiz.(k) second system state of ith stage at kth sample point
R() real part of quantity
u; (k) input to ith stage at kth sample point
A criterion functional, that is, V(A,E)
Vi criterion functional at €, that is, Vk(A,E)
\Af reduced criterion functional, that is, V(A*,jo’)
avV/aA slope of criterion functional with respect to zero frequency gain

BVk/a'ék gradient vector of criterion functional at €} with respect to error vector

at Qg
Wk weighting matrix at €
Wlll/l magnitude weighting at £
W{f phase weighting at

wi(k) dummy variable of ith stage at kth sample point



Y(z) digital filter discrete transfer function

yi(k) output of ith stage at kth sample point
z transform variable
. . sy
Zy discrete transform variable at &, e
% specification phase at £, radians
A collective phase weight
by phase of H(z) at &, radians

agbk /83 gradient vector of phase of H(z) at . with respect to parameter vector
Q) fractional frequency at kth specification point

An asterisk on a symbol denotes an optimum value. A circumflex denotes optimi-
zation with respect to A. A superscript T denotes the transpose.

DISCUSSION

The Filter Form
The fundamental advantages of the N-stage cascade canonical form of recursive
digital filter whose signal flow graph is shown in figure 1 and which is described by the

product operator

1+az'1+bz -2
Y(z)-Aﬂ L L

=2
1+ c52” 1, djz”~ (1)

Y(z) = AH(z)

are (1) its relative insensitivity to perturbations in the denominator coefficients, an
important consideration in digital filters, especially of high order and particularly where
finite register lengths (see ref. 1) are involved; (2) its simplicity of implementation; and
(3) the simplicity of factoring the filter operator to determine its roots. This form has
found extensive application in practical filters for signal processing, and a version
employing serial arithmetic (ref. 7) is commercially available.
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For completeness, an alternative description of the filter is given in terms of the
system states qil and qi2 and ciearly demonstrates the recursive nature of the filter.
The set of difference equations describing the filter and required in developing a com-
puter algorithm is presented. Thus, for the ith stage in figure 1 at the kth sample point

wi(k) = Aju;(k) - c;alk) - djab(x)
al(k + 1) = wi(k)
ah(k + 1) = o} (k)

y; (k) = wi(k) + a;q% (k) + byab ()
where

uj (k) = y;.1(k)
is the input to the ith stage and is identical to the output of the (i - 1) stage and
A i=1)

1 i#1)

The Synthesis Problem

The design problem considered in this paper can be stated as follows: When the
magnitude and phase specifications (Mg and ks respectively) at the kth fractional
Nyquist frequencies Qg = ka/fs (where fg is the sampling frequency in Hz) are known,
determine the set of optimum parameters I)'* of an N-stage cascade filter having the
form of equation (1) so that the resultant digital filter will have a minimum sum squared
magnitude and phase error for all specified frequencies.

By constraining the filter topology, the optimum synthesis problem becomes one of
parametric optimization with respect to a given criterion of fit. The composite criterion
which can weight the magnitude and phase requirements independently and as functions of
frequency is chosen as the inner product

V)= ) (B Widy= ) vy @
k k



where

o |alm - EM
ek = =
P - O

is the error vector and

¢
0 AWy

is the diagonal weighting matrix. Clearly, V (A,f;) is a nonlinear function of the param-~
eter vector D = (al,bl,cl,dl,. . .,aN,bN,cN,dN)T, which involves the 4N filter coeffi-
cients, and of the filter multiplier A.

The Minimization Algorithm

Through formal differentiation of the criterion function (eq. (2)) with respect to the
multiplier A, the minimization procedure can be slightly simplified to that of finding the
minimum of a reduced functional V(Io') = V(A*,i)') involving only 4N parameters.
Thus

BTy - [t | o

k

and 9V/9A =0 implies

2 Z |y Wil (A% B| - ) = 0

k
or
Z lHleIIXIMk
A = k (3)
D [ 2w
k

An additional necessary condition for existence of an extremum is that the gradient vector
be zero; thereby, the optimum parameter vector p* is obtained. From equation (2)
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iE =

-2 ) (G W)
P K
where the (4N X 2) Jacobian :fk is

- *alHk'
V'I')'ek = I:IX _B—f):—

(4)

p

Clearly, each element of the gradient vector is the sum of two weighted functions of the

magnitude and phase error.

R th:

By writing

where _I-Tk is the conjugate of Hj evaluated at the fractional frequency £, it is

readily shown (see ref. 6), where 51 is the set of filter parameters for the ith stage,

that

. 6H
- L R(H, 5
Bpi

For the cascaded filter topology in terms of the elements of I)’i,

and

LA 'lHklR =

Z1::1

=|Hk|R§£

= |Hy |R| =~

=-|Hk|R—.

-2
Zx
i

Dy



]ﬂﬂk
where, with zy =e s

N}li = Nt (zk) =1+ aizlzl + bizlzz

and

. . _1 _2
Di{ = Dl(zk) =1+ iz + dizg

By letting

Hy = 1Hk| ej (Pk
it follows that

Pk = I(loge Hk)

whence

8¢ oH
—E I(—i— log,, Hk> - 1<—1— —_.1—‘>
op op

which takes on a particularly simple form for the cascade topology. For the ith stage

parameters, in fact,

a¢k ] zl';l
o4, \ i
i Nk
~2
I
ob; | i
i Nk
o [z
Bc. \ni
1 Dk



and
oby 2.2
adi D]%{

The special case of a one-stage (N = 1) filter is illustrated. Here

1 2

1+ azy +bzk

Hk=A 1

- -2
1+ czy” + dzk

K
and
oV MM @ [Hy Oy M (23
—=2Z<Ekw AW K =Z Q R|—
a 1
K K Ni
Similarly,
. i _2 -2\ |
9 M_[Z z
%=z Q R |+ aRPT| -
K| \Mk N/ |
. i -1 1\ |
- Z A
WV _ N IQMR(ZE_| L arP1| X
ac k Di k i
K| Kk Dk /|
. B -2 -2\ |
zZ zZ
2—V=Z QMr( X |+ arPr K-
d DL i
K| k Dy
where




and
b _ opPw®
Rk = ZEka

are the weighted errors. It is obvious that the frequency intervals of the input data
(specifications) need not be uniform and may, in fact, be intentionally unequal to allow for

nonuniform frequency weighting.

Complementary Root Reflection and Stability

In deriving the frequency response of a discrete operator by letting zyi lie on the
unit circle T, it is possible to take advantage of a unique property of the discrete trans-
form pertaining to its magnitude when a root lying outside the unit circle is imaged or
reflected into the unit circle. It is easy to show that the magnitude of a phasor z - zgq,
where zgy is a root of the discrete transform lying outside the unit circle, is equal to

z-—l—;zel"

|Z'Zol=lzo| Z0

Since zy has been assumed to be outside the unit circle, l/z0 must be inside, the
term ]ZOI correcting for magnitude changes. Thus, if in the optimization procedure a
pole should stray outside the unit circle and thereby lead to an unstable filter, root reflec-
tion guarantees stability with no magnitude change. There is no analogous simple identity
for the phase of a reflected root. Experience with the procedure has shown that provided
the design requirements can be met by means of a stable filter, that is, that a feasible
solution exists, an optimum will indeed be found through repeated application of root

reflection.

The Computer Algorithm

A complete listing of the fiiter design algorithm, which is an adaptation of the pro-
gram written by Steiglitz, is given in the appendix. The main program is termed STGZ3
which calls four principal subroutines: (1) FUNCT performs the functional and gradient
computation for each iteration as well as putting out the final optimum parameters and
plots, (2) FLPWL is a Fletcher-Powell conjugate gradient routine, (3) INSIDE computes
root reflection, and (4) ROOTS determines the poles and zeros of the filter. Single-
precision arithmetic has been employed.

When minimization of the functional has been attained in the first pass or the mini-
mization algorithm has iterated 300 times, a test is made to ascertain that all the roots

are within the unit circle, a necessary requirement for the poles for stability reasons
and for the zeros to insure minimum phase. If the design should result in an unstable
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configuration, the roots are reflected about the unit circle and minimization is resumed
in a second pass. If a minimum does indeed exist and all the roots then lie within the
unit circle, the program computes and prints out the frequency response and commences
plotting.

Minimization is deemed to be achieved when the absolute difference in functionals
between successive iterations € = |V . - Voidq| or the norm of the gradient vector
falls below preassigned limits. Convergence is generally fast for magnitude or phase

filters but can be very slow for the case of compromise filters.

When the design specifications cannot be met after LIM iterations (see appendix),
the program will stop; this situation indicates that the optimum could not be found and the
resultant characteristic which may be unusable is plotted. Generally, feasible designs
have been determined in less than 2000 iterations.

Minimization of the criterion function does not guarantee determination of a global
minimum but rather determination of a local minimum. Depending upon the parameter
vector utilized for initialization of the algorithm computation, different minima may be
achieved. Experience has shown that stage-by-stage optimization, that is, utilization of
the ith-stage optimum parameter vector as the initial parameter vector for the (i + 1)
stage of an N-stage filter, yields lower minimum values of the criterion function than
does single-pass optimization.

APPLICATIONS

Linear-Phase Filter

This example considers a digital filter having application as a phase discriminator
with a linear phase characteristic and arbitrary magnitude characteristic and is shown
in figure 2. In this example all magnitude weights were set to zero and all phase weights
to unity, the multiplier A being arbitrarily made unity since it has no effect on the
phase characteristic.

The phase requirements were 6 = 1-29 (O =QK = 1), and a two-stage filter was
specified. When an initial parameter vector P = (0,0,0,0.25,0,0,0,0)T was used, the
algorithm converged to the optimum, with €= 10‘4, in 52 iterations and a Control Data
6600 computer time of 14 seconds. The optimum parameter values computed were to
four places

A=1.0
a; =0 by = -0.9871 cy =0 dy = 0.0395
ag =0 by = -0.9871 - cg=0 dg = -0.0127
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It is interesting to note that the phase requirements were met to within 0.0087 radian
for approximately 95 percent of the frequency range.

Constant-Phase Filters

Two cases were considered to obtain filters having constant phases of -7/2 and
7/2 radians over a frequency range 0.3 =, =0.7. As in the previous case, the form
of the magnitude characteristic was of no concern; hence, zero magnitude weighting was
specified. With the same initial parameter state used in the previous example, the
first case (lag network) optimized in 1673 iterations and 42 seconds to yield a hyper-
bolic magnitude characteristic and phase errors of less than 0.00037 radian throughout
the specified band.

The computed parameters for the lag case were

A=1.0
ay = 0.5580 by = -0.1857 cy = -0.4752 d; = 0.0363
ag = 0.5580 by = -0.1857 cg = -0.3712 dg = -0.5686

The positive phase filter (lead network), however, took only 165 iterations and
17 seconds to yield the desired phase characteristic with errors nowhere exceeding
0.0017 radian in the specified band.

The optimum filter parameters for this second case were determined to be

A=1.0
aq = -0.4768 b1 = -0.1548 cq = 0.5022 d; = -0.1082
ag = -0.4768 by = -0.1548 cg = 0.4515 dg = -0.2008

It is noted that for both cases, the phase weights outside the specified band were set
to zero, and thereby allowed for arbitrary phase in these regions. Figures 3(a) and 3(b)
show the resultant firequency characteristics for the lag and lead cases, respectively, of
two-stage filters. The combination of the two filters, although they have antagonistic
magnitude characteristics, suggests the possibility of a phase-splitting digital network.

12



Limited-Band Constant-Gain Linear-Phase Filter

The third example demonstrates a compromise design of a digital filter having
constant-magnitude and linear-phase characteristics, over a limited frequency band,
typical of phase discriminators. Here, except for A = 0, the specifications were stated

as
e (0.3 = 2 =0.7)

k- 0 (Elsewhere)

AP ERE" (0.3 =9, =0.7)

X Vo (Elsewhere)

Equal error and frequency weights were employed and the effects of changes in A are
shown in figure 4 for a two-stage design. Figure 4(a) shows the case of A =0, that is,
a magnitude-only filter being specified, and coincidentally yields the linear-phase-filter
characteristic derived in the first example. (See fig. 2.) Figures 4(b) and 4(c) show the
magnitude and phase characteristics for the cases of A =10 and A = 1000, respectively.
The increasing weight on phase and resultant degradation in the magnitude characteristic
are shown. The optimum parameters were

A =0:
A =0.2063
aq = 0.0000 by = -1.0000 cq =0.0000 dy = 0.1539
ag = 0.0000 by = -1.0000 cg = 0.0000 dg = 0.1539
A =10:
A =0.3658 -
aq = -0.9754 by =0.7300 cq =0.4529 d; =0.7211
ag = 0.8632 - bg =0.5632 cg = -0.6119 dy = 0.7443

13



A = 1000:

A =0.4232
aq = -1.1739 by = 0.8489 ¢y =0.7596 dy = 0.6691
ag = 1.1739 by = 0.8489 cg = -0.7596 dy = 0.6691

Low-Pass Zero-Phase Filter

The fourth example considers a compromise filter, having two and three stages,
with specifications that are intentionally conflicting. A filter described by

1.0 (0.0 = g < 0.5)
My =(0.5 (2 = 0.5)
0.0 (0.5 < @, =1.0)
0 (0.0 = 2 =0.5)

9 =
k Unspecified (Elsewhere)

is specified.

Figures 5 and 6 show the results for the two- and three-stage designs, respectively,
with figures 5(a) and 6(a) showing the magnitude-only (A =0) case. The degradation in the
magnitude characteristics when greater emphasis is placed on the phase specifications
is evident in figures 5(b) and 6(b) for A = 10 and in figures 5(c) and 6(c) for A = 1000.
Comparison of figure 6 with figure 5 demonstrates the improvement brought about by
increasing the number of stages. The optimum parameters for the two-stage filter were

x=0:
A=0.1196
ap = 1.0240 by = 1.0000 ¢y =-0.1713 dy =0.7676
ag = 1.0240 bg = 1.0000 cg = -0.5324 dg = 0.2286

14



A = 1000:

A =0.4879
aq = 0.2018

ag = 0.6597

A =0.5343
aj = 0.0205

ag = 0.6286

by = 0.6684

by = 0.4335

by = 0.7169

by = 0.7905

cq = 0.3560

cg = 0.0806

cy = -0.0836

cg =0.2123

The optimum parameters for the three-stage filter were

A =0:

A =0.0510
ay = 0.8537
ag = 0.8537

ag = 0.8537

A =0.5109
a = 1.3302
ay = 0.6844

ag = -0.0373

by = 1.0000
by = 1.0000

bg = 1.0000

by = 0.5515
by = 0.7157

bg = 0.7012

¢y = -0.1068
cy = -0.4046
cg = -0.6799
Cl =-0.1731
cg = 1.1880
cg = 0.3825

dq = 0.4612
dy = 0.7671
dy = 0.6255
dg = 0.6681
dq = 1.0000
dg = 0.5990
d3 = 0.2069
dy = 0.8097
dy = 0.5850
d3 = 0.5262
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2 = 1000:

A =0.4515

aq = 1.5107 by = 0.5286 ¢ = -0.1771 dp = 0.8972
ag = 0.5825 by = 0.7490 cg = 1.3094 dg = 0.4191
ag = -0.1663 bg = 0.7485 cg = 0.2002 dg = 0.6393

A three-stage design of this example is used to demonstrate the existence of two distinct
local minima, dependent upon the initial parameter vector. In the first case, a single-
pass optimization was accomplished with p = (0,0,0,0.25,0,0,0,0)T for the initial
parameter vector and resulted in the optimum filter shown in figure 6(a). In the second
case, a stage-by-stage optimization was accomplished by utilizing the optimum parameter
vector from a two-stage design for the initial parameter vector of a three-stage design
and resulted in the optimum filter shown in figure 7. Comparison of these results demon-
strates the existence of two distinct local minima, the stage-by-stage minimization

yielding superior results.

CONCLUDING REMARKS

A method has been developed for a computer-aided design of cascade canonical
digital filters having prescribed magnitude or phase characteristics or a compromise
between the two. The method, which uses an unconstrained minimization algorithm,
allows for arbitrary error and frequency weighting. Representative designs of phase and
compromise filters have demonstrated the utility of the technique. Although convergence
is generally fast for magnitude phase filters, it may be slow for the case of compromise

filters.
Langley Research Center,

National Aeronautics and Space Administration,
Hampton, Va., February 17, 1972.
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APPENDIX
PROGRAM LISTING

This appendix contains a program listing written for the Control Data 6600 computer
at the Langley Research Center, Hampton, Virginia, and is an adaptation of that written by
Kenneth Steiglitz at Princeton University for the design of specified magnitude-only
filters.

PROGRAM STGZ3(INPUT,PUTFUT ,TAPES=INPUT,TAPFE=CUTPLT,PUNCH} - 0013
0070032 FXTFRNAL FUNCT e 0Cl4
000003 DIVMENSION HE1R4), X(16),GM1¢) co1s
000007 COMNIN/RAW/W(LCO0) oY (100} oV, PHASED 110C) s ALAMDALFR,WTM{1CO) 0016

C WTBL1GJ).KTYP 0Cc17
000003 COMMON/RAWL/TCALLWKCALL WL TP
000003 CALL CALCCMP ocioa
000004 CALL LFRIY 0n20
020095 WREITE(£,51) 0c21
000011 51 FORMAT(* INPUT DATAX) 0c72
000011 M=0 0c23
000012 2L M=Mel 0024
000016 REARIS 2L)wIM) oY IMY o PHASED (M) ,wTMINM), WTRIM) c023
000031 21 FrRMAT(5F10.5) co25s
0000131 WP TTFLEP2IM, wlM) oY (M) o FHASENIN) s WTN (M} W TP (V) 0027
000051 2z FORPAT(# I=%,13,% W=k F T.4.% vyt F 7,.4,% PHASFD=#,F7,4, 0028

C % WIM=%,FT.4.% WiP=%,F7,4) 0029
000051 IFLWIM) LT 1.CCHIBCTNED €020
000054 nO 15 J=l.16 00131
000056 15 X(J1=0.00 €032
0030561 Xta)=.25 ccan
0200€2 GG RFAC(3.501LsLINGFST,FPS HNAXJALAMTALFR,KTYP
000134 60 FORMATI(215,5F1C.5.11C) 0C35
000106 IF(FR .1 T..001) FR=1. 0C35
000112 N=g 0027
0001173 I[F{ENF,5) €96 ,£8R 0C3R
0no117 388 CONTINUF 0030
000117 WP TTE(AWALIL LIM, ESTWFPS, FVAX,FR, ALAMCA
0001 41 61 FUKNMAT (% L=#,12,% LIM=k,[5,% EST=%,F10.5,% FFS=%,F10.5,

Cx hMAX=%,F10,5,% FRECRANGE=*,F10.5,% LAVMBJA=%,F1(, 5} 0C42
0N0141 1CALL =0 ccas
070142 GE KCALL =0
00n1473 CALL FLPWLIFUNCT NsX oFoCoFSTWFPS,5C,IRR,HI
000155 CALL RONTSIN.X}) 0545
000157 CALL INSIDEIN.X.KFLAG) Co4n
000152 WHITEUhe26)TEKWKFLAGICELLWKCALL
000176 26 FOPMAT(® [FR=#%,15:% KFLAG=%,15,% ICALL=%,15,% KCALL=%,[5}
ono1 74 TFIKCALL.GT.2CCY G TN €R
000202 TFOIKFLAGNF.C.0P L TERLNELC) LANDLICALLLLFLLINM) GC TC 98
000213 CALL KCATSIN, X} €050
000215 ICALL=-10 ees1
000214 CALL FULNCTINGXoF2GoHNAXY cee2
000222 GUTOGD ol
005223 962 CALL CALPLT(Co+ ey 922} gree
000226 STap ceee
000230 END goeys
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APPENDIX — Continued

SLUBRTUTINF FUNCTIN X oF o GoeRMNAX)

PIMFMSTIO OMEGAL2C0) sPRASEX(200) « AMAG(2L0) o PHFLINQ)PHALLCE)
PIMENSTON XPLLZCT o YFLIZAC)I«CX(27CYCY(207D)

DIMEMSTY HITRLY o X(1E) L CL16),YHTLICS) ,FI10C)

COMPL EX 7NPAR G Z2C770URVZI7CUR2

CLMPL FX JCICO) 2 TUMEICC &) e DFENLICC 14} o2y RBARLICURLZCUR2 ,,ONFC
COMMON/RAVW/WELCC) oYL IDC )WV FRASED(IC2) o ALAMDALFR,WTM(100),
C WTIP({IND) ,KTYF

COMMIN/RAAL/TCALL #KCALL WL IN

ITNEC=CMPLX(1.00,D.,07)

Pl==-%,1415725%3Fac7a

K=N /4

IF(ICAIL.NFLOIGETCLIC]

ne 102 1=1,%

ZLI)= (oXP( CNELX{D.TDew(I)%F]Y})

Al=2.00

A2=C4 CO

NN 4) T=1,M

7CLR=71(1})

JCLR2=7CgR%ICUR

J= CNMEEX(Y,.00,8.70)

ne 22 =1 ,K

Ja=()=-1) %4

TUMIT o F=10706X(Jael Y%7 COUREX(JLE2 ) XICURT

DEN(T o J) =200 X ()L 43y JCUC X {JL et )VEICYRD

P=Q0ETUYMIT W JV/DFNLT, )

GRAR= CUNIG(DY)

YHT (T )=)"*QPrAR

Az= A2 EYHAT (T =W TMO1)

YHT (T )= SQRTLYFET(T))

QY =AY ¢ YHT{T)*XY{T)*uwTNM(]}

[RIKTYP,MELO) CC T £4¢

A=pl/74872
GOOTr 657

a=1,

CONTINGLF
AT 2 I=1
7ICL==71(1)
77CU22=07CUR*=7IC }k
7Q0=CU2LX(1.40.)

OHAS=",

Ne AT J=1,K

JeZ=10J=-1) %4

70ABL =CNEQ#X [ JAZ+T1 V¥ 7T2CUREX[JaZ+2)%77CYR2
781 =73RAK

JTA2=CVPX(Qaw=14)%70FAR
PHAS=PHASHATANZIZA2,74A1)

72d=70%7 JRAT
JORER=MNZI4X(JOZ+2 )X TICLR+X{(JOT7+6 )X/ TCUPZ
A =723ApP

IA?=CMULX{D.y~1.)*/0BAR

PHAS=PHAS=ATANZ (782,771}

70=20/733AF

CONTINUFT

PHA{] }y=-2HAS/F]

PHELT)=PHA ([ )=-PHASFC(I)

neoET J=l,16

G{J)=).I"
vi=g.
v2=",.

rn 42 {:‘_
ZCLUR=7(T1)
7CUZ2=7C R %] CUFR
YHTIT ) =A%YHTI T}
EATY=vYT(I)=Y (1)
V1=VI4Z(I)*E( T )ENTM(T)
VZ2=V2 rPHFIT)*PHRECT) =ATF(])
P=F ([ }Y&nTM(T)

T=OHF { T)*WwTP{T)%2 ,*ALAVMLA
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000611
000416
000620
000621
000674
000657
000657
00DKA2
ON066S
000566
000573

000673
000701
00n701
nndl707
003707
007731
000731
000753
0007¢3
0nd760
001711

0ool1011
o01nNle
001014
001017
001070
001021
001023
001027
0011032
0010490
001045
00105
001051
001055
001057
0N1176
001100
on1lln
001114
001122
0Nnll4s
0nllea
001155
001142
001177
001207
001212
001214
001216
001217

APPENDIX — Continued

nr 4723=1.,«
Ja=(Jg-1) %4
1=2 oF2EVATIIY /TUMT, )
SlJesl)=51J6+1 )+ 2% 2CLR
GUILe2)=5(J4 2 e0%T0LRY
Q=" WY HAT(TV/TONCT 0 3)
Cldas3)=RlJet? )¢ I%7CUR
Glara)=0(J6+6)ye)x7 URP?

47?7 CONTINYE
T 42 g=1 K
ta=0)-1) %4
GlIe+ 1 )=R1Js+ T eTRATMAGIZCLR/TUMIT W U))
G142 )1=500a82 ) e THATMAGLTCUR2/TUMIT I

GUJ443) =50 g6+ 3 Y+ THATMACL -7 CUR/UENTT 2 d )}
ClUera) =506 ra b b THATVAC (=7CLF2/05N(T63Y)
-7 CONTINGF

F=v1¢ALAMDAXV 2
ICALL =TCALL+]
KCALL=KCALL¢*L
ITFIKCALLLGT.?CCI®FTURN
TFLICALL/10) %10, EQ e ICALL=1)WRITE (£, 27 VICALLWFo(5(0J)+J=1,N)
PF FLURMAT(* CALL NC.%,14,% F=*,F15,8/( 25X, 4F15,.8))
IFLICALL.GT.23C0C) GN TC 4EC
IFUICALLGTJNIRETURN
G0 TN 449
50 ITF(ICALLLGTLLIMEL) GC TC 44¢
RETURN
CaesneeePRINT NUT
44G WRITE[A.SO)F
EC FORMAT(* FINAL FUNCTICN VALLF =%,f15,8)
ARTTE(£.,51104
51 FORMAT(% A=%,F1%,8)
WRTTELE.321IX1J)ed=1N)
Sz FORMAT(x FINAL X =%/(* *,4F1%,81))
WRITFLA,54)(G1JY,d=1.N)
54 FORMAT(* FINAL GRANIENT =%/(%* %*,4F1¢,8))
No 85 I=1.M
B8 WRITE (64550 oWITYoYUT) o YHTCI)ELT)oPHASED(TY PHA(T },PHE(T)
56 FORNMAT(® [=Xx,T12,% WA, FLLS 4% Y=%,FR,C % YHT=%,FR,5,% E£=%,FR.5,
C % PHASEN=%,FB8,%,% PHA=¥,FF ,S,% PLE=%,FR,3)
WHITELS,591K
56 FORMATI(% FINAL TABLE FOR A% ,[2.% STAGE FILTER®)
YMIN3I3=0,
YMAX331=0,
YMAXT11=0.
S=FrR/200.
N €0 I=1.201
FFEQ=S*FLOAT(I-1)
ICUR= CEXP{ CNMPLXID.COFRFC*PI))
ZCUR? =7CUR*7CUR
Q= CMPLX(1.00,C.DC)
PHASE=0.20
Ne A1 J=1 4K
Ja=(1=-11%4
CHAR=UNEO#X(J4 +1)*ZCLREX{JG ) XZCUR?2
Al=QRAP
A?=CMPLXI0.N0,~1.00)*0F LR
PHASF=PHASE+ ATAN?(AZ,A81)
Q=C*QP AR
QBAR=UGNFI+X( )443 )% ICUR+ X[ Ja+L) X7 LR2
A1=CRAR
A?2=CMPLX({J.00,-1.00)*QBER
PHASE =PHASF= ATAN2?2(A2,A1)
&1 D=Q/0B8:209
Al=0C* CCNJGIO)
Al=4A% SQRT{Al)
PHASF=-PHASF/P1
CMFGAIT)=FPEQ
AMAG(T)=A1
PHASEX{T)=PHASF

0126
0127
0128
01z9
0120
0131
0122
0133
0134
0135
0136
o137
0138
0139
ClaD
0141
0142
0147

0144
014+

0147

ol48
0149
0150
0lf1
cL1r2
0153
Cls4
015¢
0156
0157
0158
c159
QLen
01l¢&1l
0162
Qie
0lées
0165
Cles
01s7
cre3
0166
cr7e
0171
0172
0173
Cl74
0175
0176
cL77
0178
0173
0189
ClR1
0182
0183
012y
0185
0186
c187
o138
0189
01len
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APPENDIX — Continued

on1221 IF(FHASZ=-YMAX 33} 201 ,3C1.4C) 0191
001224 4C1 YPMAX?3=PHASF 0162
QCi23n 3CY CONTINUF 0193
001230 IF{PHASE-YMINZ3) 402,3C2,3CC Cl194
0012133 4C2 YMIN33=pPHASF 0165
0012135 302 CCNTINUE ) 0194
001235 ITFLAT-YMAX1Y) 222C4,3C(.4C0 0197
001240 4CO  YMAX11=A1 01914
0n1242 3CC CONTINUF 0169
0012472 60 WRITF(5,62) FREC,PHASE, AL 0200
001751 6z FORMAT(* W=%,F1E,R,%* PHASE/FPI=%,F18,8,% YHT=%,F15,§} 0201
C SCALE CCMPUTATIONS 0202
001261 IYVMAX11=YMAX]1¢+,9699 0203
on1264 YMAX]=FLOAT(IYVMAXT]) 0204
00125KA TF{HMAX . EQ.0.} GO TN 3722 0z2CR
001267 YMA X1 =HMAX 0206
Q01270 332 CONTINUF 0207
ont270 TYMAXZ3=YMAX32¢,C69 oz2c8
001273 YMAXA=FLNAT{IYMAXRT) 0209
001278 IYMINZ2=YMINZ2-,9G09G 0219
0N1300 YMINI=FLOATEIYNMINZI) ‘ 0zil
001311 AXNM=10F F/ILFS/2) 0212
001302 AYN=1 QHMAGNITUCES c213
0C1304 AFR=2D0.%FR N 0214
0Nn1ing NER=200 cz2ls
C MAGNITUDRE (COMPUTELR) - FRKECUFNCY PLOT 0215
001307 CALL INFIOPLYUIG NFRWINMEGA L AMAG L e Ca s FRIC .y YMAXT L0 o34-10,AXF.-10, 6217
C AYVN,O) 0218
C MAGNITUCF (DESIRFD) ~ FPFQUENCY PLNOT 0217
001327 CALL INFOPLTLYl oMaloel o¥yle CuasFFRelasYMAXTI (D05 4=1CoAXM,~310,8YM,11) cz22¢
001347 AYM=10H PHASE/FT 0221
C PHASE-FRFGQUENCY PLIT 0222
0Ny 28] CALL TINEOPLT (T G NFRE, INFCA, L FRASEX 31,0, ,FF,YFIN3,YMBX2,0.3,~10, 02232
( AXM =1, AYE 0} 0224
C PHASE {TiSIPFN) = FRIQUFNCY PLCT 0225
oc1ITn CALL TINFIPLTLT e * 4 & e Lo FHASEN 31,0, W FR,YMIN3,YMAX2,0,5,-10, 0226
C OAXMy=10,AYM,11) 0227
covail SETIHN 0228
NNlail L) 0229
SUBTIUTINT FLPWLLFUNCT oA o X o F oo FSToFPS LIATIT IFR 0230
072N~ GIMFDSTON H{L YW X(Y), 01 0221
0NN 1S COMM IN/RAWI/ZTCALL oKC ALL WL IV
0N =A CA L FUNTTIN, X oF s GoHMAX Y 0233
hlalala i TF{XCALL.GT 270 G T 722
neanzo [FLICALLLGTLLIVY (1 T 727
IR I [SSANNR ARSI T
0NN 3s 772z 1FR=2
207037 GETURN
00N 27 617 [FR=0
anonar KCUNT =0 0235
000041 N2 =AEN 0236
D00a” NI=AD RN 0237
070043 LR WL c238
GrONGs . K=47] 0239
Con0aT DO4 J=leN C240
[AISER A | HIK)I=1,)D 0241
070153 [ WES | 0242
nonNNs4 TFIND) 343,72 G243
CNINES = 973 L=1,NJ 0244
0eNC4s) Ki=Kel 0245
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APPENDIX — Continued

HIKL) =n,00

K=KL+1

KOUNT =<KTUNT +1

W T TE {0 SITIKOUMT
FrREMAT % KOUMT=%,153)
ALNF=F

NS 1=1.N

K =i+

H{KYI=G(J)

K=K 4N

HIKYI=X1J)

K= J#M3

T=C.N0

Dt 3 =1\
T=T-~ {1 ) =H ()
TF(L=J) ne7s7
K=<+t~

30T m

K=K +1

SONTTINYT

HEJ)=T

ny=Cc.00

HNRM=0.02

GNRVM=0,.00

DN 10 J=1.N
HNRM=HNRM+ ABSI(HLJ))
GNRM=GNRM¢+ ARS{CG{J))
NDY=0DY+H(J)%G(J)
IFINDY) 11,51,¢1
IF(HNRM/GNRM-EPS) 51,51,12
FY=F
ALFA=2.00%(FST=-F) /DY
AMBRRA=1.00

IFLALFAY 15,15,13
IF(ALFA-AMBDA) 14,15,15
AMBTA=ALFA

ALFA=0.00

FX=FY

DX=CY

DC 17 I=1.N
X{T)=X{I)+AMBCA%H{I)
CALL FUNCTIN X FsGeHNMAX])
IF(KCALL.GT.30C) GO TO 724
TFOICALL.GT.LINMY GO TO 724
GO TO 918

TER=3

RETURN

FY=F

NY=C.00

ND 18 1=1,N
DY=CY +GL 1 )I*H{T)
TFIDY) 19.2¢.,22
IFIFY-FX) 20,22.,22
AMBDA=AMBLCA+ALFA
ALF A= AM3DA
FRROR=1.E10Q

TF({HNRM*AMBDA-ERPR(CR) 16.15.21

TER =2

RETURN

T=0.00

[F(AMBNA) 24.36,24
7=3.,00%(FX-FY)/AMBNDA+DX4DY

ALFA=AMAX1( ABS{Z), ABS(DX},

CALFA=Z/ALFA

0246
c247
0248
0249
0250
0251
0282
022
0254
0255
02556
0257
0258
0259
0260
0261
0262
0263
02¢4
02¢€5
0266
0267
0268
0269
0270
0271
0272
0273
0274
0275
0276
0277
0278
G279
€280
0281
0282
0283
0284
0285
0286
cz289

0292
0293
0294
0297
0298
c299
0300
0301
0302
0302
C304
0305
0306
0307
0308
0309
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APPENDIX — Continued

000327 DALFA=CALFA*DALFA-NDX/ALFAXCY/ALFA 0310
000333 IF(CALFA) 21,25,2°%5 0311
000335 2% W=ALFA* SQRT{CALFA) 0312
000340 ALFA= (DY+W-Z }*AMBDA/(DY#+2,CO0*W=-DX) 0313
000351 DN 26 1=1,N 0314
000356 26 X{I)=X(I) r(T=ALFAIXH(I]) 0315
000366 CALL FUNCT(NeX FyGosHVAX] 0320
000400 [FIKCALL.GT.300) GO 1O 725

000403 TFOICALL.GT.LIM) GO TO 72%

000406 GO TN 4§19

Q00406 728 I1ER=3

000410 RFTULRN

000410 916 IF(F=-FX) 27.,27.,28

000413 27 IF(F-FY) 36,36,28 0223
000416 28 DALFA=0,00 0324
000417 DG 29 I=1,N 03225
Q00421 29 CALFA=NDALFA+G(I)%HIT) 0326
000439 IF(CALFA) 20,32,372 0329
000431 3C IF(F-FX) 22.31,23 0330
000434 31 IFICX-CALFAY 22,36,32 0321
0004136 32 FX=F 0232
000437 DX=CALFA 0333
000440 T=ALFA 0334
00044? AMBCA=ALFA €235
000443 GN TN 23 0334
000443 33 IF(FY~-F) 3%,34,35 0337
000445 34 IFINY~CALFA} 3%,3¢,3¢% 0238
000447 35 FY=F 0339
Q00450 NY=CALFA 0340
0n0451 AMBL A=AMBDA-AL FA 0341
000454 GO 10 22 0342
000454 36 NN 37 J=1.N 0343
000456 K=N+J 0344
000457 HIK)=GI1J)=-HIK) 0345
000463 K=K #N 034456
000464 37 HIK)=X( 1) =H{K) 0347
000472 IF(OLDF-F+FPS) 51,38,.,38 0348
000476 38 IFR=0 0349
000477 ITF{KOUNT-N) 42,29,39 C3%0
000501 39 T=0.00 0351
000502 7=0.00 0352
0005072 DC 40 J=1.N 0352
000504 K=N+J 0354
CNJI50C" W=H(K) 03255
0CCs190 K=K +N 0356
onns1t T=T+ ARS{H{K)} c257
000514 40 I1=7 tn*H[K) 0358
00)52% IF{HNRNV-—EPS)Y 41,411,472 0359
00N&R 26 41 TF{T-FPS) 56+564472 0360
Qn0=131 ~7 IFIKCUNT=-LIMIT) 42,57,5C 0361
[elevIa-24 43 ALFA=C.(D 0362
000535 DN &7 J=1.N 0363
000527 K=J+AN3 0364
C00540 U=Ce00 0365
Q00542 NC 44 L=1,N 0366
0035472 KL =N¢L 0367
000544 Wzw+H (KL) *H{K ) 0368
QONeEsS? [FlL=-J) 64,45 ,4% 0369
C0N354 44 K=K+N=-L 0370
cOons57 GC TN &4 0371
000587 &5 K=K +] 0372
000561 4h CONTINUF 0373
000S K4 K=N+J 0374
nno56% ALFA=ALFA+WHH I K) 0375
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000F 72 47 H{JI=W 0376
onNos 76 IF(Z%ALFA) 48,1,48 0377
C00600 4R K=N121 0378
000602 N 4% L=1.N 0379
€c00503 KL=N2+t 0380
D00£0% DN 4% J=L N 0381
000606 NJ=N2 +J 0382
000AC7 HIK)ah (K)+HIKLISHINS J/ Z-HIL)*HJ) /ALFA 03832
0035?25 4G K=K +] 0384
0004312 GO TY S 0385
000634 5G TFR=1 0385
000634 RETURN 0387
000636 51 NG52 Jd=1.N 0388
QC0AR4eN K=N2¢+ 0389
0006461 £2 X{JdI=HI(K) 0390
000647 CALL FUNCTI{NeXFoeGsHNMAX]) 0353
0006AK1 IF{KCALL.GT.2NC) GO TC 726

000664 IFCICALL.GTLLINMY GN TN 726

000K647 GO T <20

00CKAT 77¢ TFR=3

000671 PEFTUFN

000671 G2C TH{GNRM=EPS) &F,58,52

0onoeT4 53 IFIIFR) 5hK,54,5¢4 0396
000~ 754 RS TER=~1 0397
oeIN700 GC Ty 1 0398
0naTNe 55 TER =9 c399
0onN701 Sée RETURN 0400
000707 “ND 0401

SUBROUTINE INSIDE(N,X,KFLAG)

000006 DIMENSION X(16)

000006 =-1

000006 KFLAG=0

000007 10 J=J+2

000011 IF{J.GT.NIRETURN

000014 B=-4500%X(J)

000016 C=X{J3+1)

000020 DISC=8%e-C

000022 IF(DISC.LE.0.00)GOTD20
Cesese« REAL ROOTS

000024 DISC= SQRT(DISC)

000025 R1=8B+CISC

000027 R2=B~-DISC

000031 CRI= ABS(R1l)

000033 DR2= ABS(R2)

000035 IF{DR14LEel12400.AND.CR2.LE«100)GOTO10

000051 KFLAG=1

000051 IF(DR1.GT+1.00)R1=1.,00/R1

000054 IF(DR2,6T.1.00)R2=1.,00/R2

000060 X{J)=-1.00%(R1+R2}

000064 X{J+1)=R1#*R2

000066 GCTO1l0
Ceseees COMPLEX ROOTS

000066 20 IF(C.LE.1.00)G0TO10

000071 KFLAG=1

000071 C=1.00/C

000072 X(J+1)=C

000074 X{J)=x{J)*C

000076 GOTO010

000077 END
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APPENDIX — Concluded

SUBROUTINE ROOTS{N¢X)
DIMENSICN X(16)
WRITE(6,40)
40 FORMAT (* ROOTS*/6X ¢*REAL*y 11X, $IMAG*,11X XREAL*y 11Xe *IMAG*)
J==1 .
10 J=4+2
IF(JaGTaN) RETURN
B==4500#%X(J)
C=x(J+1)
DI SC=8%B~-C
IF(DISCeLEa000)1G0OTO20
Cewees o REAL RCOTS
DISC= SQRT(DISC)
R1=B+DISC
R2=B-DISC
WRITE(&+30)R1,R2
30 FORMAT (* %,F1%48,15X,F15,8)
GOYT0o10
Ce aeee o« COMPLEX ROGTS
20 DISC= SQRT(-1,00%DISC)
DI SCM==1,00%DISC
WRITE(6+50)1B,DISC,4B,DISCN
50 FORMAT(* *,4F154 8)
G0OTO10
END

0433
0434
C438
0436
0437
0438
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C440
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0442
0443
0444
C445
C446
0447
0448
0449
€450
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Figure 1.- Signal flow graph of cascaded digital filter.
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